The number of elements of ~Pol (x) is denoted by N1 =NI(~). So N t is the index of Ap(x) in A(x), or equivalently of Zp(x) in ZG(x ).
For the classical groups the finite group A(x) is always abelian. So the stabilizer Ap(x) is independent of the choice of P~ Pol(x). It turns out that
Ae(x ) only depends on the class Y. More precisely we obtain.
Corollary (7.6). For i=1,2 let P(i)~Pol(x), say with Levi factor L(i). The following conditions are equivalent: (a) L(1) is conjugate to L(2) in G. (b) Apc1)(x)=Ap(2)(x ) (or equivalently Zl,(1)(x)=Ze(2)(x)).
(c) N 1 (P (1)) = N, (P (2)). Note that (b)~ (c) is trivial. The implication (a)~ (c) holds in general, cf.
[4] (7.2). These results lead to the following conjecture for a reductive group G and a nilpotent element x e g.
Conjecture. Let P(1), P(2)ePol(x) have Levi factors L(1) and L (2) . Then L(1) is conjugate to L(2) in G if and only if Ze(1)(x ) is conjugate to Ze(;)(x ) in ZG(x ). 1.6 . The solution of the steps 1 and 2 is due to N. Spaltenstein, cf. [9] Section 5. His methods are sufficient to solve step 3 as well. We give a new proof and more explicit results. Finally we give tables for the groups of type B 2, B 3, B 4, C 2, C 3, C4, D4, D5, D 6.
It is a pleasure to express our gratitude to Walter Borho and Hanspeter Kraft for a stimulating correspondence, many discussions and much hospitality.
Combinatorial Conventions
N is the set of natural numbers 1, 2, 3 ..... If V is a finite set, its cardinality is denoted by 4~ (V). If x is a real number [xl denotes the largest integer < x.
We define a partition 2 to be a finite subset of N 2 such that if (p, q) ~ 2 and i<p and j<q then (i,j)6).. So we identify a partition with the corresponding Young diagram. If 2 is a partition we define.
[).[ = ~ ().), 2j= ~ {il(i,j)6).}, . ).~= ~ {jl(i,j)6).}.
A partition 2 is determined by each of the non-increasing sequences 2, and 2*. If (Pl .... , Ps) is a finite sequence in N we define the partition 2=ord(pl, ..., Ps) by 2j= #{ilp~>j}. Then ).l=s so that 2s>0=2 s+l. There is a permutation a of {1, ..., s} such that 2~=p~0 for 1 <iNs. In particular 121--~ p,.
For a partition 2 we define N().) to be the number of sequences (Pl ..... P~) with ).=ord(pl .... , ps). Since the above permutation a is unique up to multiplication by elements of the stabilizer of (21 .... , ).~) we have
N (4) = ).1 ~ I~ ((~i -).i + 1)~)-1 (2.2)
i__>1 Let G be a reductive group. We define b(G)=dim(G/B) where B is some (any) Borel group of G. If P is a parabolic subgroup of G with Levi factor L then we have
dim (G/P) = b (G) -b (L).
For reference below we note the formulas
(here n is even) (2.4)
The General Linear Group GI (n)
3.1. Let V be a vector space over the algebraically closed field k with dim(V) =n. Let G be GI(V). Its Lie algebra g is identified with End(V). Let x6g be nilpotent. The endomorphism x has a Jordan normal form. So there is a partition 2 with 121=n and a Jordan basis of V consisting of vectors e(i,j), Remark. In the proof we had to verify (1.2) (a) by hand. The assertion (1.2) (b) follows also.
The Symplectic and the (Special) Orthogonal Group
We treat these groups in a unified way, cf. [10] p. 253 and [5] 
Remark. (a). Assume n=e=O.
Let rEH be the reflexion given by tel=el if i~ {l, l+ 1}, and tel = el+l and rel+l= el. This reflexion interchanges the roots e~-i and c h. The group H is generated by r and G. (b) If n ~a e = 0 then H is generated by G and -id, which element usually acts trivial. 
We assume that this is the basis of (4.2). Consider the full isotropic flag F' J =(Fo, ..., F,') given by Fj = ~ ke~. Let P and B be the stabilizers in G of the flags ~=1 F and F', respectively, cf. (3.2). The group B is the Borel group of G corresponding to the basis a s .... , a t of ~. So P is some standard parabolic group P~, cf. [6] (30.1).
We say that the flag F is not admissible if there is a P-invariant subspace F' and an index j with Fj~F'~F~+~ and F~+F'4=Fj+~.
Lemma. (a) The flag F is admissible if and only if ~ = 1 or q 4= 2. (b) Assume that F is admissible. Then P=PI where I consists of the indices i with 1 < i <_ l and i 4= dim (Fi) for all j.
(c) Every parabolic subgroup of G is the stabilizer of some admissible isotropic flag.
Proof. 
We may identify
In the notations of (4.3) we have
We Remark. If 5=0 then dim(V(0))+2, since SO (2) is a non-trivial torus, see Lemma (4.3) (a).
An integer q is called admissible if q>0
, and q-n, and q+2 if e=0. We define Lev(n) to be the set of pairs (v; q) such that q is admissible and v is a partition with n =q +2 Ivl.
Lemma. By the symmetry relations of (4.1), if follows that fiE =id and 2~(j)=2j, and that /~(j) ~j whenever 2j ~ e. Using Remark (4.1)(b) one verifies that any permutation fl satisfying these conditions can be used for x.
Nilpotent Elements
Let Pan(n, e) denote the set of the partitions 2 such that 12l =n and that the number 4~ {jl2j=m} is even for every mEN with m~. Again using Remark 
Combinatorics
6.1. Let Pal(n, q) denote the set of partitions n such that n j-= 1 if j__< q, and n j--0 if j>q. We define the set Pal(n) to be the (clearly disjoint) union of the sets Pai(n,q) with q admissible, cf. (4.6). We identify the set Lev(n) of (4.6) with Pal(n) using the bijection (v; q)~-~n given by nj=2v~+l ifj<=q, nj=2vj ifj>q.
So we write (v; q)=n if (*) holds.
Remark. If P is a parabolic group with flag type (Pl ..... Ps), cf. (4.4), we have thus identified its Levi type (v;q) with the partition n = ord(pl,---, Ps)-6.2. The set Pan(n,e) is defined in (5.1). We define the Spaltenstein mapping S: Pai(n)~Pan(n, e) as follows. If n~ Pal(n), put
I(n)={j aNIj~-n, nj=-e, 7r, j~7"Cj+ 1 +2}
and let the partition 2=S(n) be given by 2i=n J-1 if jaI(n), )~j=nj+ 1 if j-l~I(n), 2j = n~ otherwise.
It is clear that 2 is a partition with 121 =n. In (6.4) we verify that 2~ Pan(n, e). 
Proof. (a) Since q=-n we have q~I(n). (b) follows from (a).
(c) Let j~n and 4j>4~+ 1. It follows from (a) that nj>n~+ 1. Since j~:q we have nj-=rcj+l, so that nj>nj+l+2. If nj----e then jeI(Tz) and the assertion follows. If nj ~ ~ then j ~ l(n) and again the assertion follows. Assume n = 1. Then =0 by Remark (4.1)(a), and q =~0. It follows that n 1 = 1 and that 41 =n 1.
6.4. For a partition 2 with 141=n we consider the condition C(2): if j~_n then 2j--4j+ 1.
Lemma. The assertion (6.3)(c) holds if and only if C(2) holds and 2e Pan(n, e).
The proof may be left to the reader. 
Proof. (a) follows from (6.3)(a).
(b) Assume 4=S(n) with n~Pai(n,q). Condition C(4) holds by (6.3) (c) and (6.4). If j-n and 4j=4j+ 1, then 4j>=nj_>nj+l~4j+ 1 so that 4j=nj and 4j+ 1 =nj+ 1. Together with (6.3)(a) this proves that 4j=nj whenever jsJ(4). This implies Jl (4) < q < jo (4) .
Assume that C(4) holds and that jl(2)<q<jo (4) . Let n, be the unique sequence in 2~ with nj=4j-(-1)n-jfj where fij~ {0, 1} such that nj-1 if and only if j< q. The inequality implies that nj= 4 i whenever j e J(4).
If 4j>=4j+l+2 then 7Zj~TZj+ 1. If 4j=4~+1+1 , then jeJ(2) or j+l 6J(2), so that nj>nj+ 1. If j=-n and 4~=4j+ 1, then jEJ(4) and j+leJ(4), so that zcj = rcj+ ~. If j ~ n then nj > 4j-4)+ 1 > n j+ 1. So the sequence n, is non-increasing. If 4j = 0 then n~ = 0 for all i >j. This proves that 7z, defines a partition n.
Ifj~n then 4j-4j+~ and ~j-nj+ 1, by C(4) and q-n. It follows that nj=4j+l if and only if nj+ 1=4J+ 1-1. Using that n=l implies e=0, one proves that n 1 :# 41 -1. It follows that In[ = 141 =n, so that n e Pai(n, q).
Moreover it now suffices to prove that j e I(n) if and only if rcj = 4j + 1. By the last paragraph, ny=4j+l implies jeI(n). Assume jeI(n) and 7zj:#4j+l. We have j~en and n~=e and 7zj>nj+l+2 and 7z2=4 j and nj+l=4j+ 1. Condition (6.3) (c) holds by (6.4) , so that nj = 4j $ e, a contradiction.
(c) Assume that C(2) holds and that jl(2)<jo (2) . It remains to show the existence of an admissible integer q with j~(2)<q<jo (2 ) . If ~=1 then n-0 and either jl(2)= -oe or jl(2)-n by (6.3)(c), so that we may use q=0 or q=ji(,~) respectively. Assume e = 0. By (6.3) (c) we have jo(2) % n. If jo(2) =t= 3 we may use q =jo(2)-1. If jo(2)=3 then n---0 and j1(2)= -oe so that we may use q=0.
6.6. Lemma. Assume e=0. Let (v; q)=~ze Pal(n) and 2=S(~).
(a) The set B (2) 
Theorem. (a) Pol(x, ~) is non-empty if and only if 2=S(~z). (b) If P e Pol (x, re) its stabilizer Ap (x) in A (x) consists of the elements a e A (x) with aj = a j+ 1 whenever j ~ I(~).
(c) 
= S(~). Then dim (Gx) = 2 dim (G/P).
Proof. Let L be a Levi factor of P. By Proof. It suffices to construct an isotropic flag F=(Fo, ...,Fs) of type (Pl,--.,Ps) such that xF~cF~_ 1 for 1 GiGs. In fact by the assumption n~Pai(n) the flag F will be admissible. So its stabilizer P in G is parabolic with flag type (Pl ..... Ps).
The condition xF i cF/_ 1 implies that x~u(P), so P is a polarization of x by (7.2). Assume s = 1. Then nj < 1 for all j. So I(n) is empty and 2= n and x = 0. We In both cases we put F s_ 1 = F(. One verifies that XFl=0 and hence xF~cF~_t, that F 1 is contained in Fs_ 1, and that the induced endomorphism x I of F~_ 1/F1 has partition #. We proceed by induction.
Lemma. Let P be the polarization of x constructed in (7.3). The stabilizer Ap(x) consists of the elements a~A(x) with a3=aj+ 1 whenever j~I(n).
Proof. Let F be the flag constructed in (7.3). The group Zn(x) ~ is contained in P and therefore it leaves F invariant. So we may define the stabilizer We(x ) of F in A'(x). We have Av(x ) =A(x) c~ A'e(x ).
It suffices to prove that a~A'(x) leaves F invariant if and only if a~=aj+~ whenever j~I(n). The case s=l is trivial since l(n) is empty and A'(x)=A'F(x ). We proceed by induction as in (7. Case (A2). I(rO=I(p) and B (2) (2), so ap=O and the element aeA'(x) leaves F 1 and F~_ 1 invariant if and only if ap=ap+ 1. Assume ap =ap+i=0. Again using Remark(5.3) one verifies that a'=a. Ifjd(rc) and j~=p then j < p -2 or j > p + 2. So the induction is immediate.
Case (B). I(~)={p} voI(p) and p(~I(p). Then we have pCB
7.5. The proof of (7.1) and the verification of (1.2) in our case.
Since H acts transitive on the set of parabolic subgroups of G with a given flag type, cf. Lemma(4.4), Lemma (7.3) implies that every parabolic subgroup of G admits Richardson elements, cf. (1.2)(a). The same argument shows that every polarization of x is obtained by a construction as in (7.3) , compare the proof of (1.3). This proves (7.1)(a). Now Lemma(7.4) implies (7.1)(b).
By (4.6)(c), the assertion (7.1)(c) is only then non-trivial if 2=S(~z) and q=e =0 and v~-0 for all i. Then B(2) is empty, cf. (6.6), so that the/-/-orbit ofx splits into two G-orbits, cf. (5.4). Let (Pl ..... p~) be as in (7.3) . Put t= 89
1. The construction of (7.3) yields that F t is generated by the vectors e(i,j) with i_-< 89
So we have
Since this space is independent of the choice of (Pl,-..,Ps) the result (7.1)(c) follows easily. Now one may verify (1.2)(b).
Assume that 2=S(rc). By (1.2) the number N o of (7.1)(d) can be obtained from (4.6) taking into account the splitting of the Levi type, cf. (4.6) and (6.6)(a). It follows that e =0 and q(1)= 0 and u(1)-u(2)= 1, so that q(2)= 2, contradicting the fact that q(2) should be admissible, cf. (6.1). This proves that q(1)=q (2) . By (6.5)(a) it follows that n(1)=n(2) so that (a) follows from (7.1)(c).
7.7. A polarization P of x is called stable if P contains ZG(x ). This concept seems to be important in the applications, cf.
[2] (6.7)(3). The proof is left to the reader. Note that the conditions (i) and (ii) are mutually exclusive.
Remark. If x is an even nilpotent element, cf. [10] page241, the parabolic subgroup P considered in loc. cit. is a stable polarization of x. The Levi type of P and hence of all stable polarizations of x, can be deduced from the weighted Dynkin diagram of x, cf. loc. cit. page 243, 263 and 264. We give the weighted Dynkin diagram of x, in view of remark (7.7) . If the Horbit of x or equivalently the Levi type, splits into two conjugacy classes under the action of G, we write 2 x N o in the column of N o (so that this column adds up to 2z). In this case we give the Dynkin diagram of one of the G-orbits. We indicate how to get the other diagram by the symbol c-,.. A partition 2 such that the corresponding nilpotent elements have no polarizations at all, is equipped with a dot and dash line in the column of (v*, q). 
